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Abstract

There is now enough observational information available to show that the
interstellar magnetic field in the general neighborhood of the sun is, on the average,
parallel to the plane of the galaxy, with an average strength somewhere between 10-6
and 10-5 gauss. This paper points out certain dynamical requirements for the existence
of such a field. The paper is based on the assumption that the intergalactic medium,
whatever it may be, exerts pressures on the galaxy which are small compared to 10-]2
dynes/cmz. It can then be shown that the galactic, or interstellar, magnetic field must
be confined to the galaxy by the weight of the gas threaded by the field. It is shown
further that the gas holding in the interstellar field must be distributed throughout
the disk of the galaxy. It is then shown that the interstellar gas field system is subject
to a universal Rayleigh-Taylor instability of such a nature that the interstellar gas
tends to concentrate into pockets suspended in the field. The cause of the instability
may be thought of as a hydromagnetic self-attraction in the interstellar gas, which may
be ten times larger than the gravitational self-attraction of the gas. It is this hydro-

magnetic self-attraction which produces the observed tendency of the interstellar gas

to be confined in discrete clouds.

* This work was supported by the National Aeronautics and Space Administration under
Grant NASA-NsG -96-60.



Abstract - pg. 2
The calculations and arguments do not restrict the over-all topology or

the strength of the galactic field, which must still be determined from observation

apparently.




l. Introduction |

The strength and topology of the galactic magnetic field is a central
problem in the origin of cosmic rays, galactic nonthermal radio emission, and the
dynamics of the arms of the galaxy (see Wentzel, 1963; Woltjer, 1963, 1965; Parker,
1966a). The early optical polarization measurements of Hiltner (1949, 1951, 1956;
Hall, 1949) indicate a large-scale average field parallel to the plane of the galaxy
(Davis and Greenstein, 1951), but uncertainty in the composition of the interstellar
dust grains responsible for the polarization prevents a quantitative estimate of the field
strength from these observatio;'\s (Greenberg, 1964). Both the radio observations (Morris
and Berge, 1964) and the polarization of starlight (Smith, 1956; Behr, 1956) indicate
that the local lines of force lie parallel to the directionof galactic longitude

1 =7n° + 20, which agrees with the direction of the spiral am determined from

the distribution of interstellar gas and O associations (Weaver, 1953; van de
Hulst, et al., 1954, Westerhout, 1957). Radio observations now seem to place an
upper limit of about 5 x ]0=6' gauss on the large-scale average field strength in the
disk of the galaxy. Morris and Berge (1964) point out that the Faraday rotation
measures indicate a reversal of the field across the plane of the galaxy. Thus, taken
together, the observations seriously limit the ideas concerning the general nature of
the galactic maénefic field. But so far, theory and observation, either separately
or together, are unable to give a unique picture of the general galactic (interstellar)
field.

It is the purpose of thé éresenf paper to point out some theoretical facts
which further limit the possible mogf;eﬁc configurations in the galaxy. In particular

the considerations give an upper limit on the field strength and a unique dynamical
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structure for the interstellar gas clouds in the galactic magnetic field.

The theoretical facts on which the arguments are based are of an elementary
nature, but sometimes a rather tedious calculation is required to establish the individual
fact. Hence, in order that the main thread of the argument not be repeatedly inter-
rupted, many of the calculations are placed in the appendices with only a reference to
the results of the calculation in the text.

Il. Equilibrium of Force-Free Fields

It is assumed that, apart from the general rotation of the galaxy, the
galactic magnetic field (a) is in a quasi-stationary equilibrium state, (b) is limited to
the galaxy and the galactic halo*, and (c) experiences no significant inward pressure
from intergalactic space. With these assumptions as a starting point, the first deduction
is that the galactic magnetic field must be confined to the galaxy by the weight of
the gas enmeshed in the field.

It is a simple matter to prove that a magnetic field can be confined
only by the weight of the gas through which it penetrates. The appropriate virial
equations are worked out in Appendix I. It is shown that the magnetic field energy
must be added to the usual term ZT in the virial)where T represents
the internal kinetic energy of the matter. In the classical virial equation the
gravitational potential energy must overcome the expansive effects of 2T if

a stationary equilibrium is to be achieved. Adding a magnetic field means that the

* Sciama (1962) has suggested that the galactic field extends throughout the Local
Group. We are skeptical of the idea for the reasons given elsewhere (Parker, 1966a)
but, as a matter of fact, the conclusions of the present paper would not be altered
by Sciama's field configuration. The important point is that the field in inter-
galactic space is assumed to be small compared to the field in intergalactic space

in both cases. ’
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gravitational potential energy must overcome the expansive effects of 2T . plus.
the total magnetic energy IAV 57811 . Magnetic fields are never self-
contained. Their presence increases the tendency for the system to expand, and the
expansion effect must be overcome by the weight of the gas distributed along the lines
of force.

It is shown further in Appendix | that gas clouds from which the magnetic
field is-excluded do not contribute to confining the galactic field. The physical
reason is simply that the galactic field is free to flow around the field-free gas clouds

and escape from the galaxy if not confined by other forces. The only means for con-

taining the magnetic field of .the galaxy is the weight of the gas penetrated by the field.

- The theoretical fact that a magnetic field can be confined to an isolated
star system only by the weight of gas threaded by the field permits two distinct
possibilities for the galactic magnetic field. The first possibility is that the galactic
field in-the disk of the galaxy, where we observe it, is held down pretty much through-
out the disk by the weight of the gas there. The second possibility is that the field
in the disk is not held down throughout the disk but is confined to the galaxy by gas
in the galactic nucleus. To take the second case first, the field would then be largely
force=~free throughout the disk of the galaxy, a possibility that has been considered
by a number of authors. In this case, every magnetic line of force must be tied to
the galactic nucleus in order to be confined to the galaxy.* From purely geometrical

. .. . . . 2
considerations it follows that the field density must increase at least as fast as 1/r

* |t is not possible to confine lines of force which fail to p@ss through the nucleus of
the galaxy by linking them through lines which do thread through the nucleus.
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between here and the center of the galaxy. Indeed, the formal calculation of force
free fields (LUst and Schliiter, 1954; Chandrasekhar, 1956) showsthat a localized
field confined at the origin must increase toward the origin at least as fast as 4/7 3,
Hence a field of 5 x 10-6 gauss at a distance of 10 kpc from the galactic nucleus
becomes 5 x 10-3 gauss at a distance of 1 kpc. So strong a field would dominate all
interstellar gas motions within 5 kpc of the center of the galaxy, preventing differential
rotation of the gas. The polarization effects and synchrotron radiation from the field
toward the center of the galaxy would be enormous. It is our impression, therefore,
that the possibility can be ruled out on the basis of observations.

Another force-free configuration that has been considered is that the
galactic magnetic field is in the form of force-free twisted ropes of magnetic flux
extending along the galactic arm. Such a configuration in no way avoids the general
virial condition that the field must be confined by the weight of gases, but it is a
different situation from that in which all lines are tied straight into the galactic
nucleus. The case of a twisted rope is worked out in Appendix I, where it is shown
that unless the external (intergalactic) pressure is equal to half the average internal
magnetic pressure, the twisted rope will buckle because of compressive stresses along
its length. The system would be so unstable as to transform itself into some other
configuration within 108 years.* The buckling mishf’ be stabilized by enough internal
gas, of course, but the gas is then confining the field, which is not the possibility

under discussion.

* The calculations discussed in sections IV and V show that it is not possible to
stabilize the arm with a dense string of stars along the arm.
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Altogether then, there is no steady magnetic configuration consistent with

present observations which is force~free throughout the disk of the galaxy and is

confined only in the galactic nucleus. . The alternative is to assume that the galactic

field in the disk is contained more or less throughout the disk by the weight of the
~interstellar gas in the disk. The next section works out some of the consequences of
this.
lil. Equilibrium of a Field Confined to the Disk

If we conclude that the galactic field must be contained by the weight
of the interstellar gas throughout the disk, the immediate question is what this
containment requires in the way of an average intferstellar gas density. Either the
tensor virial‘ét.quafions or‘ the hydros‘fafic pres;ure equation may be used to fl;e;nf
the problem. To see what is needed, consider the simple case suggested by'ﬂ;e
polarization observations, that the field in the disk is largely parallel to the disk.
Then' if the field density is the function B (2) of distance measured per-
pendicular to the plane of the disk, the condition for quasi-static support of the
interstellar gas density fl (z2) against the gravitational occeleration‘

perpendicular to the plane of the galaxy is

d B - - 2) 1)
J;(P* P+ ) o(2) g

ar

where P(Z) is the gas pressure and P(z) is the cosmic ray pressure. In the

simplest case suppose that the three pressures are all proportional, with




B‘8n=wP>P=/@p 2)

where &  and ,43

are dimensionless constants. The possible variations of
o and /6 with 2

do not alter the conclusions. The scale height A\
of the gas-field system is

4o /.’-éﬁl
N\ P dz21l.

Writing V' * for the total rms velocity of the gas in the 2 ~direction including

. >
cloud motions, we have P = /av and

A = .éf(um,d) @)

This scale height is to be compared with the scale height A of the stars in

the same gravitational field

N = 2 (4)
J

where v (2)

is the rms velocity of the stars in the 2 -direction. It

follows that

Au* = i+o(+-/8 . (5)
Av?




iy

The scale height of the interstellar gas is known to be about 100 pc
(Schmidt, 1956; van de Hulst, 1958; Rougoor, 1964). The scale for the distribution
of late type stars, such as K - giants is about 300 pc (Oort, 1959; Hill, 1960).
The ms velocity of the observed gas clouds in the direction perpendicular to the
plane of the galaxy is about 8 km/sec* (see discussion in Gould, et al., 1963).
The ms velocity of late stars in the direction perpendicular to the plane of the galaxy
is 15 - 20 km/sec: The observational numbers are 78.6km/sec for the dwarf G-stars
in the neighborhood of the sun and 15.6 km/sec for late stars brighter than magnitude
6 (See Trumpler and Weaver, 1962; Charlier, 1926). A good median value, therefore,
might be 17 km/sec. It follows from these observational values. that Av z/ Av®
= 1.5.% Eqn.‘ (5) permits the immediate calculation of Y +ﬂ , giving
R +/<3 0.5 for the numbers adopted.

We are interested principally in the number density N (2)  of the

interstellar gas, so (5) is rewritten as

P+BY/8n ©)
Mvr(nsy/zer-1)

* The high velocity clouds at high galactic latitude (Munch and Zirin, 1961;
Muller, et al, 1963) are not included in this number. Doing so would increase the
large gas density calculated from (6)

** An observational value of -A”\/'\ vr¢ ! would imply an inter-
galactic pressure of the order of 10-12 dynes/cm”,
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The same result can be deduced from the tensor virial equations (Appendix I) if the
reader prefers.

The cosmic ray pressure P is presently observed to be about
0.5 x 10-]2 dynes/cm2 (Parker, 1966b). There is now good evidence that the
present cosmic ray intensity is typical of conditions at the solar system for the past
109 years (Zahringer, 1964; Anders, 1965) and hence is typical for much of the
galaxy (see discussion in Parker, 1966a). A Magnetic field of 5 x 10_6 gauss
gives a pressure of 81/87V =1 x 10_12 dynes/cmz, yieldingg N =2.8
hydrogen c:foms/cm3 to account for the observed small scale height of the gas.

This density is rather larger than the usually estimated 1 atom/cms. The necessary
gas density can be redu ced to ]/cm3 only by making B & 2x 10-6 gauss
so that BVBR <L P .

The observational value of Au ‘/A vt suggests, therefore,
that the interstellar hydrogen density must be 3/cm3 if the galactic field is as
strong as 5 x ]O-6 gauss. A field much stronger than 5 x 10_6 gauss would require
much greater interstellar gas densities for confinement, which would seem to put
an upper limit on the field of 10 x 10_6 gauss or less. Thus the theoretical
necessity for a sufficient interstellar gas density limits the field at about the same
level, viz 5 x 10_6 gauss, as the present radio observations of the galactic field.

It is interesting to note that there are other reasons besides the dynamics
of the gas-field system for believing that the average interstellar gas density is
rather more than the observed atomic hydrogen density. For instance Gould, etal.

(1963) point out that the gravitational acceleration ) (2) perpendicular to




-9-
the plane of the galaxy can be deduced from the observed scale height and velocity
of the K-giants. The value of g 5o obtained requires a larger mass in the
disk of the galaxy than the stars plus 1 otom/cm3. They suggest that the additional
mass is interstellar gas with a density of 5 afoms/cm3, 4 (:ﬂ'oms/cm3 being molecular
rather than atomic hydrogen.

Recent work by Toomre (1966) and Julian and Toomre (1966) indicates
that an average interstellar density of 3/cm3 would make the galactic arms under-
standable in terms of gravitational forces alone (see also Lin and Shu, 1964).

The question of the total interstellar gas density is of central importance
in calculating the rate at which cosmic rays are generated in the galaxy (see dis-
cussion in Ginsburg and Syrovatskii, 1964; Parker, 1966a). The calculated rate of
generation varies directly with the mean interstellar density and is of the order of
'IOA'.I ergs/sec with 1 afom/cm3,approuching the total energy output of all the novae
and supernovae in the galaxy.

It is to be hoped that the interstellar molecular hydrogen can soon be
looked for. The importance for further qualitative discussion of the galactic gas-
field system is obvious. Fortunately the qualitative arguments presented in this
paper do not depend on the precise values of either the gas or the field density.

IV. Stability of a Field Confined to the Disk

The arguments presented up to this point have shown that the galactic
magnetic field in the disk must be contained by the weight of the gas in the disk.
The polarization of starlight suggests that the average field in the disk is parallel to

the plane of the disk, and a particularly simple example of such equilibrium was
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considered in the previous section. The next question concerns the stability of
such an equilibrium. The field confined by the weight of the gas is quite different
from the laboratory plasma confinement with which we are familiar, where the field
confines the gas. So it is necessary to look into the matter rather carefully. We
begin with the example employed in the previous section, of a magnetic field of
density B (2) in the horizontal y -direction. The gravitational
acceleration 3 is in the negative 2 ~-direction and the thermal gas
density /o in the field is supported against gravity by the magnetic field,
the thermal gas pressure, and the cosmic ray gas pressure.

We consider first the simple convective interchange of the magnetic
lines of force, as sketched in Fig. 1. The stability criterion is worked out in
Appendix lll. What information is available or the interstellar medium suggests
that the system may be weakly unstable. If shearing is present, in which the field
is parallel to the plane of the galaxy but the direction of the field rotates about
a vertical axis wﬁ:ﬁ\:?sg'%obove the plane, the interchange mode is probably
stable. Shearing is a well known laboratory procedure to eliminate interchange
instability in the magnetically confined plasma.

It is more interesting to consider the stability of the system against trans-
verse waves in the magnetic field. This calculation is made in Appendix {V.for
an isothermal atmosphere with the pressures of the thermal gas, the magnetic field,
and the cosmic ray gas in the constant ratio 4% & './d (see eqn. (2).

The atmosphere is in a constant gravitational field g in the negative

2  -direction and self gravitation is neglected. The pressure and density of
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the thermal gas are related by the simple equation of state SP/P =7 Sﬂ//"
where 7~ is a constant. The calculations consider a perturbation with a
periodic variation expiky along the large-scale magnetic field. Requiring that
the perturbation vanish at the "base" of the atmosphere, sayat 2 = O -

and remain finiteat 2 = + OO leads to instability whenever

wzs B+ (348)° 7)
(L+3x/2 +,6)

r-4 <

The thermal gas by itself would, of course, be stable provided only that 2~ > 1.

The horizonfal magnetic field and the cosmic ray gas both drive the system toward
instability, so that 2~ must exceed 1 by the amount indicated in (7) if

the themal gas is to maintain stability. .The equilibrium conditions 3 afoms/cmz,
B =5x 107 gauss, [ =0.45x 10712 dynes/c:m2 give instability for

any ~ less than 1.31; the conditions 1 atom/cms, B < 2x ]O-6 gauss,
P = 0.45 x 1072 dynes/cm3 give instability forany 77 < 1.45.

As pointed out near the end of Appendix Ill, radiative transfer in the
interstellar medium is so effective that for perturbations with periods of the order
of 107 - 108 years, such as we are considering here, a density increase in the
thermal gas produces little change in the temperature. If there is any effect at

-all, it is probably for the temperature to decline with iricreasing density
(r< 1) . Soput 7 =21  asa conservative estimate (see discussion
in Parker, 1953). The thermal gas is then only marginally stable by itself. The

magnetic field and the cosmic ray gas make the total gas-field system unstable.
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@ The calculations show that the growth time is typically 3 x ]07 years, This time is
short compared to the life of the galaxy, the time of formation of the galactic arms,
and the time in which the thermal gas condenses into stars. So the instability appears
to be dynamically important for the state of the interstellar gas-field system.

Let us inquire into the nature of the instability. Neither the magnetic field nor
the cosmic ray gas is subject to gravity, so in equilibrium they must be confined by
the weight of the thermal gas. That is to say, some portion of the weight of the
thermal gas is supported by the magnetic field and cosmic ray pressure. So if a
perturbation is introduced involving vertical displacement of some portion of the
horizontal equilibrium field, the thermal gas tends to slide downward along the
magnetic lines of force away from the raised portion of the field into the lower
regions along the lines of force. This diminishes the overburden on the raised
portion, pemitting the field and cosmic ray gas to expand upward there, causing
further slipping of the thermal gas downward along the lines of force, etc. At

the same time that the raised portions of the field are being unloaded in this manner,
the burden on the lower portions is being increased. Only if 2~ is
sufficiently greater than one will the thermal gas resist the tendency to slide
downward along the field and so give a stable atmosphere.

It is evident that the instability is distinct from the well known Jean's
gravitational instability, which is the result of self-gravitation. The instability is
also distinct from the lack of equilibrium caused by unlimited cosmic ray inflation
of the fields at the surface or the galactic disk (Parker, 1965). The instability is
related to the familiar Rayleigh-Taylor instability in which a dense fluid supported

from beneath by the pressure of a light fluid tends to drip downward through the
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light fluid.

One may inquire if the instability may be avoided with some magnetic
field cqnfigurafion other than the simple horizontal field. Consider, for instance,
a gircular geometry, representing a cross-section of the interstellar gas in a self-
gravitating galactic am. Wrap the magnetic lines of force around the arm so that
the tension in the field might stabilize the configuration. The stability of the
system is treated in Appendix V. The calculations show that the system is as unstable
as the horizontal field. A twisted rope of magnetic field, involving lines of
force both along and around the arm, fares no better. The flat and circular geometries
considered in the Appendices by no means exhaust all the possibilities, of course.
For instance, the tidal forces exerted on any one galactic am by the rest of the
galaxy would distort a circular geometry into an elliptical one. Or the field may
be twisted into many small parallel ropes. But nothing essentially new is added to
the problem by such complications. The basic point established by the examples
given here is that if the lines of force of a large=scale field along the galactic
disk or arm are confined by the weight of the thermal gas, then the gas always tends
to drain downward along the magnetic lines of force into the lowest region along
egch line. The instability is unavoidable unless the thermal gas is strongly stable
by itself. The interstellar thermal gas is not significantly stable by itself

(7 S 1) ; so the magnetic field and the cosmic ray gas drive the inter-

stellar gas field system unstable in periods of 107 - 108 years.
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V. The Long-Term State of the Interstellar Gas-Field System

It has been demonstrated that a large-scale equilibrium interstellar
magnetic field (suggested by present magnetic observations) is intrinsically unstable
in a short time, of only 3 x 107 years. The instability must quickly destroy the
equilibrium. The question is, then, what is the dynamical state of the interstellar
magnetic field now, after 109 - 1010 years? The answer to this question follows
from the nature of the instability. (Some examples are worked out in detail in
Appendix IV.) The instability is the result of the thermal gas draining down
along the magnetic lines of force into the low regions along the field, thereby
burdening down the low regions and releasing the field between the low regions
to expand upward. A sketch of the resulting field configuration along a line
of force is shown in Fig. 2. The horizontal spacing of the gas pockets in the low
regions is of the general order of magnitude of the scale height of the system
(see Appendix 1V). It must be concluded from the calculations that, if there is

a large-scale interstellar field confined to the galaxy, then the interstellar gas

confinj field is pre i ield in discrete i
separations of the order of 100 pe, i.e. (10 - 103 pc). The field has the general
arched configuration shown in Fig. 2.

It is interesting that the dynamical properties of a large-scale
magnetic field should lead to this conclusion, because the conclusion may help
resolve a perplexing problem concerning the maintenance of some of the less
massive interstellar gas clouds. It is observed (Adams, 1949; Munch and Unsold,

1962) that the interstellar gas exists mainly in widely separated discrete clouds
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(see the recent high resolution observation of interstellar absorption lines by
Livingston and Lynds, 1964). The usual explanation for the discrete character of
the interstellar gas is self-gravitation of the indfvidual clouds, but there is the
problem that in many cases fhe clqud masses inferred from the pbseryafiqns do
not seem to be Ia;'ge enoﬁgh ;o maintain fhe.cloud in equirl”ibvrium b;' ;elf-gmvifafion
alone (see, for instance Kahn and.Dyson, 1965). For instance the self~gravitation
of a spherical cloud with a diameter of 20 pc and a density of 10 hydrogen atoms/
cm3 can hold the cloud together only if the internal motions are 0.7 km/sec. A
higher density of 100 ai'oms/c'nr\3 can contain internal motions of only 2.2 km/sec.
But even the thermal K\‘/elociﬁes are this large, to say nothing of the 10 km/séc
motions expected from collisions Befweén clouds anc;l from the passage of hot
luminous stars through the region. So there is some question as to the means by
which the apparent identity of the smaller, more tenuous, interstellar gas clouds
is maintained. The new point arising in the galactic field configuration presénted
in this paper is that the self-gravitation of the individual gas clouds is supplemented,
in the configuration shown in Fig. 2, by the gravitational field of the galaxy as
a whole;
To illustrate the supplement to self-gravitation in a direct way, and

to establish that the supplement may be large in many cases, consider two parallel
infinitely long slender cylinders of gas lying across the horizontal magnetic field

B, and supported by the magnetic field in the large-scale gravitational
field 3 . If m s the mass per unit IengtF, the current L in

each cylinder is
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I B/c = m3.

It is well known that two parallel currents attract each other with the force

z ' *>

F= &L _ 2 m3
c*s -

where S is the distance between the two cylinders. Note that this force of

attraction is proportional to the square of the masses and inversely proportional

to the distance % , just as the gravitational force

F o= 26n-°

S
It follows that the ratio of the pseudo-self-gravitation to the gravitation is

2

F 7

—— — ——-—-z

Fe GBS,
which may be extremely large in regions of weak galactic magnetic field B,
and strong galactic gravitational field g

The general point is that the currents
l = ¢ Vx§ /47:

which confine the large-scale field to the galaxy are locally self-attracting.

The self-attraction of the currents leads to the instability pointed out in
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section 1V and fo the pseudo-self-gravitation pointed out in the present section.
The pseudo-self-gravitation has the same form as gravitation for parallel cylinders,
but is somewhat more complicated for structures which do not stretch all the way
across the field. The simple example of two short segments of length &
supported by the field is easily worked out, showing how the situation is compli-
cated by currents flowing along the magnetic lines of force, in addition to those
across.

The gravitational acceleration perpendicular to the disk of the
galaxy is estimated (see for instance Oort, 1960; Hill, 1960; Gould,_e_i_'_g_l_., 1963)
to be of the order of 5 x 10-9 cm/sec2 at o distance of 100 pc above the
central plane of the disk of the galaxy. A fieldof B =5x 107 gauss
then gives a ratio F/F'G =15, It is evident from this example that the
- effective attraction between two elements of gas may be enormously increased
above self-gravitation and may, therefore, be an important effect in confining
the interstellar gas to discrete clouds.

It is evident the attraction should be included in calculations of Jean's
instability criterion. To a first approximation the effect may be represented
by a suitable increase in the effective gruvifofionﬁl constant G . Hence,
for a given average gas density the result is a smaller mass for the individual
contracting cells of gas.

It should be noted that the attraction vanishes on the central plane
of the disk of the galaxy because the component 4 of the gravitational

field perpendicular to the plane of the disk vanishes there. It follows, therefore,
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that there should be some tendency for small tenuous gas clouds (which have
little self-gravitation) to be defined more sharply in regions removed from the
central plane than in regions near the central plane. |t suggests, too, that there
may be a tendency for stars of larger mass to be formed near the central plane of
the disk.
VI. Discussion

The arguments of the preceding sections have passed rather directly
to the conclusions, leaving a number of important points untouched. This
section is intended to go back and pick up some of these points.

First of all, it should be noted that the calculations and comclusons
presented in this paper do not restrict the overall magnetic configuration of
the galactic magnetic field. The calculations have to do only with the small-
scale (10 - 103 pc) properties of the galactic field. They apply to a twisted rope
of magnetic flux along a galactic arm as well as to a large=scale horizontal
field in the disk, etc.

The arguments began with the idea of a large~scale field of some sort
with a tendency to lie parallel to the disk of the galaxy because the observed
polarization of the light of distant stars seems to require this. The question is,
then, whether the final pendulant configuration(Fig. 2) is consistent with this
starting point of view. We suggest that it is. The space average of the vertical
component of the magnetic field is close to zero in any simple gas cloud, and in the
intercloud region as well. The light path for the significantly reddened stars,

in which the polarization is observed, usually passes through more than one gas
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cloud (see again Livingston and Lynds, 1964). Presumably, therefore, the net
- direction of polarization of the light of most reddened stars comes close to the over-
all average field in the disk, which the observations (Hiltner, 1949, 1951, 1956) show
(Davis and Greenstein, 1951) is close to the plane of the galaxy. It must be remembered
that the averaging is generally believed to be sufficient to obscure even a possible
overall twisting of magnetic lines of force along the galactic am.

The velocities of the individual interstellar gas clouds relative to the:
local galactic rotation are statistically isotropic so far as observations can tell.
And, so far as observations can tell, the magnitude of the random velocities does
not vc?ry with height above the plane of the galaxy. The interstellar cloud system
sketched in Fig. 2 seems to fit this picture fairly well. If the motion of each
cloud can be considered a hamonic oscillation about some equilibrium position,
then random excitation of the oscillator leads to a statistically isotropic velocity
no matter how weak the binding may be in one direction and how strong in
another.* Since the gas clouds are all tied into the same large-scale magnetic
field system, it is not surprising if the degree of excitation should be independent

of distance from the galactic plane.

* The displacement amplitudes are not isotropic in an anisotropic oscillator.
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Appendix I. The Virial Equations for the Gas-Field System
| The arguments presented in section lll are based on the result, easily
shown from the virial equations, that a galactic magnetic field can be confined to
the galaxy only by the weight of the gas which it penetrates.
Consider the virial equation for the interstellar gas and magnetic field
system. Let 0 represent the gas densityand [ . the field. The Maxwell

stress tensor is

2
My = -8y By Bﬁi | (1)

Let ¢ represent the total gravitational potential, due to stars and gas together.

Then the motion of each atom is given by
dla - M _ , 28 @)

Multiply by x;  and add the result to the same equation with  ( and |

interchanged. The usual manipulation of ¢ J"x,/.l t : together with

’

integration by parts, leads to

é:_I-g - 4-T:‘j +lek(xi Mjk'*"xj Mik)‘ Z/JVM‘.J‘
dt* |

"/JV/o (ks-bﬁ r x: 28 (13)

r~% 3 ko> B
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where I

ij is the moment of inertia tensor and —l_ij is the kinetic tensor

Ly = [dVpxxi, Ti=4%[Ve s f‘jtl_ @

It will be assumed that there are no extemal-forces exerted on the gas-field system,
so the surface integral vanishes when calculated over a sufficiently distant external
enclosing surface.

So fdr the calculation is nothing more than the standard deniotion of
the virial equation (see for instance Chandrasekhar and Fermi, 1953; Parker, 1954;
Chandrasekhar, 1961). If the gravitational potential & were the result only
of the gas density /O ( \Y -&P' = 4n G‘f) , it would be possible to write the
last term on the right hand side of (13) in terms of the total gravitational potential
@ = [J V/¢ & in the usual way. But since other matter, such as the
stars, contribute to & , this is not possible. The precise value of the integral
depends now on tFe spatial form of ﬁ . To pick a simple example suppose

that the gas-field system is in a spherically symmetric parabolic potential well,

»

F(x) = § 5o ®)

f

where g9 is the inward gravitational acceleration at the characteristic radial

distance r = a . Then it follows that
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IJV/G(X;'?-’-‘- +1)P£~ = f__?_ /JV/ox:x;

Dx; D! a

Zg Itj 16)

P

"

and the trace of this is

(= 3N

2_3&1'“ = /Jv/o 2x: 22 = 4 /JV/o/

= 4D )

Thus) if there are no forces on the external surface of the system, (I3) recuces to

..‘_JIf: t ?s_s_r I\‘j = 4.7—,J - Z/JV Mi; (I8)

Contracting on the indices gives
28 = 2T + [.w B/er a

for equilibrium where T s the total kinetic energy of the internal motions and

fJ v B‘/ Br is recognizable as the total magnetic energy of the

eney 87

system. The gravitational potential A $H here is measured above the potential

at the origin, rather than below the potential at infinity. Equation (I9) illustrates
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the fact that the kinetic energy and the magnetic energy must be contained by a com-
parable amount of gravitational potential energy. A magnetic field is not self con-
taining. It must be confined by the weight of the gas which it threads.

There has been some discussion of the possibility of interstellar gas
clouds from which the galactic magnetic field is excluded for one reason or another
(see Woltjer, 1961). The diamagnetic clouds lie outside the gas-field system with
which we are concerned, but they exert forces on the gas field system at their surfaces.
It is necessary to work out the surface integrals. The contracted form fAS, X MLJ
is sufficient, yielding f ds: x; 87 &=x from (I1) and the fact that dSiBi=0
for clouds which exclude the extemal field. To make the problem tractable, suppose
that the diamagnetic clouds are spherical with radius R , widely separated,
and small compared to the scale L. of the external field. Consider a cloud
with its centerat % = X . Let the field in that neighborhood be @; B(X;)
before the cloud was introduced,where @ is the unit vector. Following the
introduction of the cloud the field in that neighborhood becomes = 'B}b/'bls'

with

¢ = B(X:) M + '§;3) §. e + O(-ER-)]' (110)

where § .  represents rectangular coordinates measured from the center of the
!

sphereand v is the radial distance (E‘_ E; ) from the center. It is

readily shown that the work w required to inflate the sphere to a radius R

against the pressure exerted on it by the external field is
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v= 3 (55) B - s oaR. m

The external field B ( X j) is not uniform, of course, so there will be a net

bouyant force (Parker, 1955, 1957) exerted on the cloud. The force Fe is

F o= - 2W (112)
X,
where the differentiation is carried out with R fixed.

To evaluate the suface integral write ¢! = X ot Ec‘ . Then,

for each diamagnetic cloud,

[dsim B = X fIs 2ot [dsis &

The first integral on the right hand side is just the negative of the total force

exerted on the cloud by the external magnetic field. The second integral is easily

3
shown to be equal to 3W , since clﬂ‘ §b = Zn R sin b8 40
and B & = 9 B"(X,) Sin 23/327\ , where ¢osB = €, f;/r . Hence

dS: x: 55-1 = - X F +3wW

T

L‘S-)-& t IW

(W X ) (1n3)

2X:
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It follows that the scalar virial equation for the gas-field system

external to a number of diamagnetic spheres is

2H = 2T+ [Jv.g; + Z'S_a—x- W X; @14)

in place of (I9). The sum is over all the spheres. The sumcan be greatly simplified
if we consider a very large number of small diamagnetic spheres uniformly distributed
over the cloud. If T is the number of clouds per unit volume, then z

can be replaced by /JV T and

2
S 2wk = T [V Zew)

X

= T [dSi wW

where the surface integral is over the external surface of the gas-field system.
But the field, and hence W , vanish at large distance from the gas-field
system. So the surface integral vanishes and (I14) reduces to the same form as the
virial equation (19) for the system without diamagnetic clouds. The diamagnetic
clouds do not confine the field, which can be contained only by a comparable

gravitational potential.
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Appendix Il. Forces in a Twisted Rope of Magnetic Field

A few remarks are required concerning the stresses in a force-free
twisted rope of flux, sometimes considered as a possible configuration for the galactic
arm field. The magnetic field in an axially symmetric force-free tube of flux can
be expressed (Schluter, et al., 1953) in terms of a generating function F_(w)
where ©r is distance measured from the axis of the tube, along which distance
is measured by g and around which the azimuthal angle is  $4

The components of the magnetic field can always be written as

B¢ =-.£.w°(—-

"
3
+
N)—
)
IL
=

By
so that the arbitrary generating function is just the square of the magnitude of the

field. The total tension Q in the rope, from &= O outto W =a ,is

_ a B‘L-B‘l
PG) = Zr dew ( 287: 7‘)

a d (o
= 'A'TLJWQ Z'w( F)

B(a)____ B 3
= zma®f [’c’ﬂf dw = J )

Zrnat

after integration by parts. The tube of force can be stable only if Q 2 0O, for
Q < O the tube is under compression and will buckle. Suppose that the

rope terminates at some finite radius G3 = @ . There must then be an external
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2
pressure equal to B (3)/81t exerted on the fieldat O =a , of course.
Then it may be seen from (II1) that O(é) > D for stability requires that the
external pressure must equal or exceed one half the average magnetic energy
density within & = a . So any such force-free tube must be contained
. : R _ .

by an external pressure comparable to B/%w within the tube. This is,
of course, nothing more than the virial condition again, stating that a magnetic

field will expand to infinity unless confined by comparable inward forces.
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Appendix Ill. Stability Against Convective Interchange

Consider the stability of an atmosphere F(E) with a horizontal .
magnetic field B(2) against interchange of the magnetic lines of force.
Assume that the perturbation is independent of distance ) measured along
the magnetic field so that the motion is the simple %2 convective interchange
illustrated in Fig. 1. The magnetic field is essentially a massless fluid. The cosmic
rays are another essentially massless fluid. It is assumed that the cosmic ray gas
maintains its statistical isotropy, during slow compression and expansion, as a con-
sequence of small scale irregularities in the magnetic field and/or its own
internal micro=instabilities.

Suppose, then, that the thermal gas is composed of N (2) atoms ,

eachofmass M , per unit volume. In the unperturbed state suppose

that the thermal gas is polytropic

N (2) "

N (o)

P(Z) = P(0)

where r is a constant. Under a small perturbation assume that the pressure

in a given element of volume varies as

p N
in which 27 is not necessarily equal to [T . Inaddition to this

thermal gas, suppose that there are N massless media present with pressures
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P: which are all constrained to move with the thermal gas. In the equili-

brium state

«d

N (2)
N(o)

pi (2) = p:(o)
and in a perturbation
SD:
_E‘T = 77 N
P: N
The hydrostatic equilibrium is given by

N NMg _
N _ = -5
Z"_ap:

‘=

| -

A
N

[

where S is a reciprocal length and the thermal gas is included in the sum
as the tem . ¢ = o .

The most direct way to get at the interchange stability of this
composite polytropic atmosphere is to interchange the fluid in two slender cylinders
with xg cross-sections A‘ and Az , and compute the total
work necessary to effect the interchange. The mass per unit length in the cylinder

A . is A‘ N (3‘) M , where z, is the vertical position of A ‘

The total work required to put the gas from A 4 into A; is

M;=A4{N(z,)m:(z._z‘)+ P.(Ey) AD?:-« ]
| -1 \AY
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The work Wz, required to pldce the gas from A; into A, is
obtained by interchanging the subscripts 4 and 2

If @, -2, is taken to be small compared to the scale height

of the atmosphere, i.e. if S (21 - 2‘)44 {1,put 2,-2, = Az

and write
p(ra) = p(z.)(i ~-T'SAz+ ,)’
N@) = N@) (2- S+ ),
Let Az be only a little different from A and express this difference

in units of AE so that

A, = Az(i-l- kAi)

The total work done W = le + Wz. in carrying out the interchange

can then be written

W 2:.‘ A, (Az)z{ N(z;)Mg (s-L)
'I-Z“ P:(Zz) k [?fk - I—S]}

neglecting all terms O [ (Ai)g] and higher.

The composite atmosphere is unstable if there exists a ratio Az /A 2

i.e. a value of k , for which W is negative. If W is positive
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forall k , the atmosphere is stable. Note that W  becomes large
without limit as ’kl becomes large. Obviously there is a minimum value of
W for some finite value of k . It is readily shown that the minimum

occursfor k = S . The minimum value of W is

W,. = SA(83)* ) pi(ri=T),

'a e

The atmosphere is unstable if the sum Z P; (')’:‘ -— rl ) £ Q) and stable

if the sum is greater than zero. The result is not unexpected. It is merely the state~
ment that the atmosphere is unstable to convective interchange if the effective
equilibrium temperature gradient is steeper than the effective adiabatic gradient.
For a composite polytropic atmosphere the requirement for instabilit y is that the

effective equilibrium polytrope index <|—> exceed the effective perturbation

index <?? , where

Z _ ZPF*
r)= r
) -f’——zpc <) o

Consider the stability of the interstellar medium. The temperature

of the thermal gas is, so far as anyone can tell, more or less independent of

height =z above the plane of the galaxy, so put \': £ . Compressing
the gas at the slow rates involved here (~ 108 years) probably tends to lower the
temperature, if anything, by virtue of the greater ability to radiate (Parker, 1953)

when at high density. Presumably therefore )"é 4 . Hence 7’; - r,
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'is either close to zero or negative, and the thermal gas shows no marked stability
against convection and may well be actively unstable by itself.

Not enough is known about the cosmic ray gas to give definife
figures for its effective @”  and [T, but its high mobility suggests that
it is always near an equilibrium in any slow deformation, so that ?; = r¢

Displacements of the magnetic field give 7’; = 2 .
There is no way of knowing r; for the galactic field. If the field
pressure is proportional to the gas pressure, then r; = 1 , and the field is
stable by itself. On the other hand, if there has been a significant amount of
convection, perhaps forced by accretion of intergalactic gas, by the observed
motions of the interstellar medium, by the nonuniform rotation of the galaxy, etc.,
then rz may be close to two and the field only weakly stable.

Altogether the system appears rather neutral to convective inter-
change. It would be strongly stable, of course, if the thermal gas had a P
more nearly equal to the adiabatic value of 5/3, but radiative transfer is so
effective that this is probably not achieved. One would expect that the system
might be stabilized against interchange by introducing shear into the magnetic
field, as is done in laboratory plasma devices.' The convective turr over must
then lengthen the magnetic lines of force, which resist lengthening with their
tension B 1/47T . But this introduces a new kind of instability, taken

up in the next Appendix,
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Appendix IV. Stability Against Transverse Waves

Consider the stability of a composite atmosphere of thermal gas,
magnetic field 57 B(E) » and cosmic ray gas against transverse waves
propagating along the magnetic field. To make the calculation tractable suppose
that the gravitational acceleration T and the thermal gas temperature T
are independent of x, y, & It will be found convenient to introduce the
thermal velocity w = (kT/ M )'/z . Then the pressure and density are
related by P(g) =u ‘/0(2) . It will be assumed)as in Appendix Ill}
that the cosmic ray gas maintains its statistical isotropy while flowing along
the magnetic lines of force in the slow (107 years) distortions of the field to
be considered here. Suppose that the magnetic and cosmic ray pressures are con-
fined by the weight of the themal gas and are simply proportional to the thermal
gas pressure at each point, so that eqn. (2) in the text may be applied. Hydro-

static equilibrium leads to

tdp - __ 3 =_'35=_14P=2=g§=_i @
where L is the scale height of the atmosphere. Introduce a perturbation
exp Ky ) with wave vector parallel to the ye -plane* involving

the velocity components v, and Va . Express the magnetic perturbation

associated with Y and vg as the curl of the vector potential €, SA ()r) 3))

* This excludes the interchange mode discussed in Appendix [ll, which involves
a wave vector principally in the X2 -plane.
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where € . represents a unit vector in the x ~=direction. The hydromagnetic

equation for SA  becomes

2%A _ _ ., B(2). 1x2)
>t

If the thermal gas density and pressure perturbations are S/o and € P
and if the cosmic ray gas pressure perturbation is SP , then the linearized

equations of motion are

2V, -
/a%_{.: B 'b/ D) 4r dz D/ ) (T3)

e - _28p _ 2P _ Byia_ . dB2SA _
PR T TN TS @A RRm ST, o

2%2 L w2 4o [2% 4 B4, @vs5)
ot *dz 7 2y /) °,
2%p d
tvasl 4 70 (2% + 2% )= (IV6)
>t de “”(a,*za C,
assuming th'r the pressure variation S p in a given element of gas varies as
E.E- = 7 _Sﬁ
P o

where 7 is a constant.
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The cosmic ray pressure perturbation is readily computed from the
fact that the cosmic ray gas is not significantly affected by gravity and the speed
of sound in the cosmic ray gas is very much larger than any of the wave velocities
to be considered here. Hence the cosmic ray gas pressure is uniform along any

given line of force. The volume of a tube of force does not vary to first order

in the perturbation, so to the order considered, o SP/ dt = O ,ie.

B%P'P Va ‘J_-'P-:‘o. Z7)

‘b 2

To solve these equations solve (IN¥2) for Vva  and substitute

into (I¥7). Integrating the result over time gives
sP = Bu'de sA
B -ﬁ (TZ8)

Differentiate (T¥3) with respect to time and use (IZ6) ond(m8) to eliminate SP

and P . The result may be written

Yy
V, = = = ItottB=5 ) +7 — | =&/ @z9)
& 8”0,.3( f 2 22 | 2tdy
2
where Q s the acoustic wave operator



-3¢ -

It is now possible to return to the equation (I¥5) and (I¥6) for S/o and §p

and employ (I¥2) to eliminate v, with (I¥9) to eliminate v

The results can be integrated once over time yielding

o2 = '{(zpf:l +2) Q%A

[@“’”‘g'r)/@je +732] E SA} (V10)
"8 o 1 {[lL-rye) d ?_.] :
QP Bﬂﬂzf+7ﬁ*@“

A do 2 5A
+ [@‘L““" Fa% Wza] 27*}. (V1)

The final step is to operate on (I¥4) with CP * and eliminate V4 with
the aid of (I¥2), and f,o and SP with the aid of (I¥10) and I¥11). The

result can be written

u"[(?J-Zo()Q‘.f. r: 1_}_" ]m

a,‘ -322

( [2“ ‘_ 3 Qw-ﬁZz) ]CP;

201 (I+o<+ﬂ) (V12)

§ (twtg-7/2) " 2* A-0O° 2 SA -
(1+w+@)? a)z}g @ ©
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after collecting terms and using the equilibrium conditions to eliminate +°/J2 .

Now suppose that SA is of the form

sA= f(§)explutsiky) av13)

where § = k 2 . The equation reduces to

ot ) 4 L [Uexe-rXituyd) - «7/2
(zn - F:lmz )] T ! { S

—2uP + & (2“+7)(1+4k L) (kx ) } f=0 IX14).

where L. is the scale height 3/0 ;( 14“*3). We impose the boundary
condition that the perturbation <A vanish at the base of the atmosphere = O
and remain finiteas 2 —% + @ . In order to obtain solutions which satisfy both
conditions it is necessary that the coefficients of ‘F and d z'F/J 3 Y have
the same sign. Hence unsiable solutions { & realaond w = = e/'l‘

where "t » @ ) occur provided only that

(1448 X1t w18) - £/ 2
k®L?

e

27+ U (241 7)1 +Z%:L") +0 @1s)
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where (J = i/kUT . For marginal stability (u = O) there are

solutions provided only that

Y >2ﬂrk‘Lt (m‘é)

where YE (14- \H‘ﬁXi‘f hl'l,é- 7)" “7/2 Thus instability occurs first
at long wavelengths kL —» 0o , and requires only that Y > ®
The result is simply interpreted. If 7 S 4 in the absence of magnetic field
and cosmic rays (o< = ﬂ = O) )fhere are no solutions with marginal instability.
The isothermal atmosphere is stable. The effect of the field and/or the cosmic rays is
instability, so that if K and /@ are sufficiently large, they drive
the system to instability no matter how stable the thermal gas might be itself. As
mentioned in the text, and in Appendix |l, the effective /g for the interstellar
thermal gas is one or less so that there is instability at long wavelengths for any

x,8 >0

The next question is whether the instability grows sufficiently

rapidly to be a significant effect. To demonstrate the growth rate write

N = 1/]<sz ’ "=L/UT , and U-_"‘xh ’
where N specifies the growth rate in terms of the time required to move one
scale height at a speed v . Typically L =100 pe, o =10 km/sec,
so that if T S 108 years, we must have n 2 O 1 . The condition

(I15) for instability becomes Y ()< O)where




y)= x* [n "f n?t (2,“,7)/4] L 2u)r
(I18)
+ % [n‘(z-u-?') + u7/2 - (A4t -7)(44 -HA)‘].
It is obvious that bs (%) becomes large without limitas 3 =44 op .* There
is a minimum value of  y ot % = 2b/@  where b= V- n(2utD),
a=n"(4r*4 2%+ 7) . The minimum value of y s negative,

given instability, provided only that

b*> 2«7 a. @19)

The condition for marginal stability was Y >0 . For n assmallasO.1,
corresponding to a growth period of 108 years, a is of the order of 10-2 and
bxXY so that (I¥19) is hardly more than the requirement for marginal
stability. The interstellar particle-field system is always unstable under these circum-

stances because of the apparently low valuve of ¢~ and the fact that
@8 >0
To calculate the maximum growth rate N , note that when
(7"‘2 It) Y €L (7'-{-2.(an Y) the maximum value of n  for which
(IX19) is satisfiedand b D0 s

* Negative values of % are physically uninteresting because Kk is
imaghery then. Hence we require that b >0
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. Y
" [zoreorr )]

This maximum A s associated with infinite wavelength in the vertical direction,

so it should not be taken too seriously. The effective maximum N is somewhat
. . -6 .

less. For a galactic magnetic field of 5 x 10 ~ gauss, a cosmic ray pressure of

0.45 x 107"2 dynes/cms, and a thermal gas density of 3 hydrogen ai'oms/cm3 with

an rms velocity U =8 km/sec (see section J), it follows that /ouz= 3.0 x 10-]2
dynes/cm3, =0.3, and /G =0.15. Put 7 =1. Then Y =0.50
and the maximum growth rate is n =0.3, giving T & 3x 107 years.

A much weaker galactic field permits equilibrium with one ofom/cms, giving

o 2 Zq1x107"2 dynes/cm3 with o &0 and B =045

With X & O the requirement (I'19) becomes Y > n* for instability,
and hence the maximum growth rate is N, = 0.807, giving T

=1.2 x 107 years.

It is evident that a large number of cases could be investigated,
involving various values of b(,/ﬁ . 7 and employing different boundary con-
ditions, including cutting off the atmosphere at some specified height # & h with
a uniform cosmic ray gas pressure P,, or a large=scale uniform magnetic
field Be beyond. The reader who wishes to investigate the possible effects
of significant intergalactic pressure may find some interest in this. Stability can

be achieved under some circumstances, as in the limit of strong intergalactic

magnetic fields. The stability arises from the fact that with an external pressure
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the weight of the gas no longer is responsible for confining the magnetic field. It
is the weight of the gas on the field which produces the instability.

We shall content ourselves here with twé simple examples of the
nature of the unstable flow to illustrate the draining of the themmal gas into the
low regions along the lines of force. Suppose that the cosmic ray gas is absent and
the themal gas is cold. Then (6 =0, WV *= 0, &wv ‘= 2I \‘ * # 0 where

\/A is the Alfven speed B /( 41\‘/4) & . Eqn. (14) reduces to

f . K*f=0

dz?

2 2
where, with s* = \4 ‘Cz/L N

Ligs [4 -4, (1 ’ f’—,_) -(jk;Lx)z]

[

K =

D

e

Dl-

ks ?

in the limit of long growth times, s* > > 1 . Inorderthat SA  vanish

at 2 =0, put

A = « BL e‘).p-% cosk, s K2

where ¢ ¢ < 14 . It follows that the magnetic lines of force are given by



42

2-2, = &£ L ey_'o-_%_- si~ K2, (4 - C°Sk7)

where 2, is the value of F at which the line crosses the 2 -axis.

It is readily shown from (I¥9) that
v, = - -;— K skL ez,o:zt_- smk/ sn Kz
and from (IN2) that
t .
v, = - € _\g‘l exp = coSk/ sin K2 |

It is evident that the motion drains the thermal gas away from the high regions
k), = + (Zn+ .'1) AY along the magnetic lines of force into the low regions

k7 = £ 2nm as illustrated in Fig. 2. When S >> 4 themotion

)
is principally in the horizontal direction.

Suppose, on the other hand, that the magnetic field is very weak,*
the thermal gas is cold, and most of the pressure is contributed by the cosmic ray
gas. Then o = O,u’:‘:o,ﬂu‘L’:‘Ci#o , where
is the equivalent thermal velocity, C = ( P//o) /2 . The atmosphere

is unstable for any value of . 2 O . Eqn. (14) reduces to

*The magnetic field is taken fo be so weak that its pressure can be neglected but
not so weak that the radius of gyration of the cosmic ray part icles exceeds the
scale L. of the system. The range B =106 - 10~7 gauss would be a
reasonable compromise in this respect.
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o[ -(em) ] f-o

2
Thus, the nontrivial unstable solution is k*C T = kL with 'F any

arbitrary functionof @ ® , provided only that f is single valued and
continuous so as not o violate the assumptions which went into the initial linear-
ization of the equations. The reason for the arbitrariness of ‘F is that
neither the thermal gas nor the vanishing magnetic field can resist compression,

and the cosmic ray gas avoids compression by redistributing itself along the

magnetic lines of force.

Put

SA = el exp:ct- C—DS‘? 'F(i)

and suppose that A‘F/Ja = O(k‘r) for all values of 2 . Then the

magnetic lines of force are given by

2 -2, = el ezp:l_t- (1 -CGSk7) 'F(?-))

and
V, = = L _t_
A € = exp_ sm ky 1‘(2)’
L t
Vi 8 - -— —_— 2)
i € = S%p = cosk, f( ).
Thus again the motion represents a draining .- of the thermal gas along the magnetic

lines of force from the high regions into the low regions.
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Appendix V. Stability of a Circular Geometry

Consider the stability of a two dimensional atmosphere with cir-
cular symmetry, involving a magnetic field B(m) whose lines of force form
concentric circles about the origin. Here oo represents distance measured
from the originand & represents azimuth measured around the origin. The
gravitational field is radially inward with magnitude 8(‘&) . The thermal
gas is isothermal with rms thermal velocity < in any given direction, so
that p =/0 v * . The cosmic ray gas pressure is 2 . Equilibrium

requires that

i@»f -E-:ﬂ:) - f; = —p (@) §(@) 1)

The simple case that the thermal gas, the magnetic field, and the cosmic ray gas
pressures are in a fixed ratio, defined by eqn. (2) in the text, permits (¥1) to be

written

5(5’) 2w - [

) f v (1+u+p) (24 w4@) & T ¥2)

Introduce a transverse perturbation vg , Vg4 with the
magnetic perturbation described by the vector potential €, cA . The

linearized perturbation equations may then be written

.@;ﬂ = V.W B('w) 5 (¥3)
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Ve sp+5P) + B V'sA
/O%F (P ) 4x «4)
| BSA
A s Am( wB) 22L — ¢80,
2% _ _ 1L 2 4 _d L 2%A
° 2 w w(€P+SP) +47r53c‘1=:(w8)w—5— ; (&5)
28 d 12 1 v -
__5_€£+v -,i»«,olw_aw(uv,) +w3ﬁ]-o) (76)
2%P 4y, dP | L2 =170
3t I tr W S ?:]-O’ (97)
?_S;E+v 4P _
ot w—o : Vo

The general solution of these equations is difficult because of the
radial dependence. We know that the thermal gas is stable by itself if 72 >4 ,
The question is whether the magnetic field and the cosmic ray gas tend to produce in-
stability in this configuration, as they did in the horizontal field of Appendix I,
kY

So it is sufficient to consider the thermal gas to be cold, v "= O , thereby

exposing the basic instabilities, if any, of the magnetic field and cosmic ray gas.
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Consider first the stability of the magnetic field. Put /6 =0

Y
and Yo e -2'- \/Al;f O where VA is the Alfven speed B/(W) ¢

The quantities P, P) ') p ,and S P vanish in the equations. Divide
o) by r and differentiate with respect to time. Use (¥3) to eliminate Vi

and CY 5’) to eliminate vy from the result, obtaining

kS

2 %

——

= = - + —"""' %A
at"?é B[W /"Zﬁth‘ c::"‘b?*) 2w D i]

Then divide (¥4) by Vat and differentiate twice with respect to time. After

eliminating €(a//o the result can be written

2. gt s S, M 3 - (29)
- - — |t =, = sA =0
(bt‘ A )af‘ VA‘<at‘ = op’

with the aid of the equilibrium relation (¥2), which reduces to

Jode .1l =- 8
Z,oﬁ+w Va©

in the present special circumstances. A solution of the form
SA= R(m)expi(wting) (Y10)

leads to




-

d’'R , L dR +[2‘_ 8" _ 3" 2
d=t wdw, Vit -\:/:4 (14'—1 £I]R= o, @&

The differential equation for the radial dependence is easily solved for the cases that
3 is independent of TF | in which :. the system is bound in a conical
potential well, or 3 increases proportional to &3, so that the system

is bound in a parabolic potential well. To take the last case first, put

17
4(@) = 3(a) 3 ¥12)
where S(a) is the gravitational accelerationof = & . Thenat
small @ , such that I~ 44 VA T , the term 3 1/%1 may

be neglected compared to w‘/ \/A * and the solution is
R(w)= J.(g9=) (213)

where

V1

In the limit of lage T ,

( =
Qe ~ N —3—:)}"'5' (X15)

Va )
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which may be large compared to one while 3 &< VA T . It is evident that
the solution is well behaved, satisfying SA = O ot some inner radius
or = b ; say, and oscillating with declining amplitude with increasing
w . Within the limitations of these boundary conditions, the system is

unstable, just as in the flat atmosphere considered in Appendix I¥.

If ?— is independent of W3 * the solution of the radial
equation is
. o
— . b == 16
R (=) £ ‘p ( ! ) , @é)
where 2 represents a Bessel function and

'/1. y‘&

1-/8 1 _ (3_'5_‘_4 V17)
1 V! Wizt p=2n R ;

In the limit of large T , Z’\‘ VA?J and P'vnjz/vA .

o ]

he

solution

R(®) = i [T, (10/1) - exptenp) I, (iw/1)] o

is real and well behaved at all finite TF , going to zero as @ —» QO

This is readily seen from the leading terms of the expansion at small @/ 1 ,

* There is a discontinuity in the gravitational field at the origin in this case.




42

R@) & ezp______énplz) e"P(':P In B/ZD - ez%cp In w/Zl)
P r("‘P) M(-(p)

(219)

which oscillates rapidly, and from the asymptotic expansion

R@)~ e _7;2) [ 1- expl- pr)](;zi_w)'tlp(_ %) (v20)

at large a‘/z . Thus again the system is unstable for large 7 ( 37 >> VA)
Consider the other example now in which the magnetic field pressure
can be neglected but the cosmic ray gas pressure is finite. Then S A = O ’

®° P = @] . Differentiate (¥6) with respect to time and use (¥4) and (¥5)

to eliminate Vg and Vg . aolving the result for S,g ; which may

Herediate (2) wilk respect @ bime and wae @4) Jo elimiak Ve

then be used to eliminate ® from the previous equation. The resulting

equation is

-

2%P , Hdy _ 5 b‘SP,tibgp-.‘c‘ @21)

>t do @/ tt | w: a2
It is interesting to note that this equation is valid whenever JP/JG =08
and does not depend upon P « /° as a functionof &
Note that the coefficiens in (21) are functions only of = ,
whereas the derivative of &P  with respect to = does not appear

in the equation. Thus if we suppose that SP  can be written



LYo

P = G exp(wting) (Y22)

we find that G‘(W) is an arbitrary function of T , 5o long as it is
single valued, etc. for the same reason that in Appendix I ‘)c was an

()
arbitrary function when % = v &0 . We find also that the variables are

separable, as assumed in (22))if and only if 5 (w) satisfies

a- (943 - §)_ n?st_ (V23)
wi-wt(Z-Ff)- i -0

The general solution of (23) is

2 2n Z2n
B(w)= _oj:_w('w‘ Ca (V24)
W + ¢/,
where & is an arbitrary constant, If C—» O ,00 , the simple fom
3(&) < is obtained, in which the system is bound in a parabolic

potential well. Write 3 (w‘) = 3(3) 'U:/i . Then for the unstable

solution, W = ~¢/T7 ,let ¢ —» 0o , yielding the growth time

T = -2
ngca) .

The growth time is thus of the order of the free fall time.
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It is evident from these two examples involving the magnetic field
and the cosmic ray gas that the system is unstable unless the thermal gas should be
so hot and dense with so lagea 2~ as to stabilize the system. This is the

same situation as was found in Appendix J¥ for the flat atmosphere.
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Figure Captions

Fig. 1. A sketch of the convective interchange of parallel magnetic lines of force
in the y —direction. The circular velocity of the gas and field
is indicated by the velocity symbol W .

Fig. 2. A sketch of the local state of the lines of force of the interstellar magnetic
field and interstellar gas cloud configuration resulting from the
intrinsic instability of a large=-scale field along the galactic disk

or arm when confined by the weight of the gas.
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